In this paper we obtain three linear Radon-Nikodym theorems (Theorem 1.5, 1.6, 1.7). Our proofs are very constructive so that we obtain explicit expressions of linear Radon-Nikodym derivatives.
We consider a von Neumann algebra on a Hilbert space admitting a cyclic and separating vector. Making use of the associated modular operator, [9] , Araki introduced a one parameter family of positive cones. Several RadonNikodym theorems are known in the context of positive cones ([I] , [4] 9 [5] ) in which "Radon-Nikodym derivatives" reduce to the square roots of measure theoretic Radon-Nikodym derivatives provided that the algebra in question is commutative.
In this paper we obtain three linear Radon-Nikodym theorems (Theorem 1.5, 1.6, 1.7). Our proofs are very constructive so that we obtain explicit expressions of linear Radon-Nikodym derivatives.
Our main tools are relative modular operators and the function {cosh (nt)}" 1 which was used by van Daele to obtain a simple proof of the fundamental theorem of the Tomita-Takesaki theory, [12] . and separating vector £ 0 with the vector state (j) 0 = a)^ and A, J be the associated modular operator and modular conjugation respectively, [9] . Fixing these throughout, we denote the modular automorphism group {AdA lt } teR on
Jt simply by cr f . Let ^0 be a a-weakly dense *-subalgebra consisting of every x 6 Jt such that t e JR-><7 f (x) e ^ extends to an entire function.
The following one parameter family of positive cones was introduced by Araki : By (iii) in the above proposition, each 0 6 ^ J admits a unique implementing vector in P 1/4 , the natural cone, which we will denote by ^, that is, 0 = 0^. The next lemma is our main tool in the paper.
Lemma 1.4. Let f(z) be a bounded continuous function on O^Rez^l which is analytic in the interior. We then have
/d/2) = {/(if)+/(l + it}} {2 cosh (nt)}-*dt .
J-oo
In fact, it is well-known (see p. 208, [8] for example) that the pair (P 0 (a + ifi, 0 = sin(7ra)/2{cosh7r(r-j8)-cos7ia}, P^a+f/f, 0 = sin(7ia)/2{cosh7r(f--/?) + cos7ra}) gives rise to the harmonic measure for the strip OfgRez^l. And both of P 0 (l/2, 0 and PjO/2, t) are exactly {2cosh(7rr)}~1. Since we use this result repeatedly, we shall denote the function {2cosh(nt)}~1 simply by F(t) throughout the paper. We now state our three main results. The first one is a slight strengthening of the result in Section 6, [1] . However, more importantly, we obtain the explicit expression of Radon-Nikodym derivatives. In the next result, we further assume that </> 0 is periodic in the sense that <r r = Id for some T>0 ( [10] ). When 0 = /i0 0 + 0 0 /ie^J (fieuf+), for each positive x in the centralizer ^0 ([10]), we estimate Our third result asserts that the converse is also true. The rest of the paper is devoted to the proofs of these three theorems. We denote a generic normal state on J( by 0 and the distinguished 0 0 is supposed to be periodic only in the proof of the last theorem. § 2. Proof of Theorem 1.5 In this section, we prove two lemmas from which Theorem 1.5 follows immediately. The proof of Theorem 1.6 is divided into three lemmas. The next lemma is obtained in [6] in a slightly different set up. However, for the sake of completeness, we present its proof in our context. Q.E.D.
Proof of the theorem. Let T>0 be the period of a t . It is easy to observe that where e is a normal projection of norm 1 from ^ onto the centralizer ^0 satisfying 0 0°£ = 0o-(See [2] , [10] , [11] .) By the previous lemma and Theorem 1.6, we know that </> = /t0 0 4-</> 0 /7 if and only if <^oe^/ /^0 = / / 0 0 o£ ? which is equivalent to 0 :g r</> 0 on ^0. Q. E. D.
